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Weak convergence to the fractional Brownian
sheet in Besov spaces

Ciprian A. Tudor

Abstract. In this paper we study the problem of the approximation in law of the
fractional Brownian sheet in the topology of the anisotropic Besov spaces. We prove
the convergence in law of two families of processes to the fractional Brownian sheet:
thefirst family is constructed from a Poisson proccesin the plane and the second family
is defined by the partial sums of two sequences of real independent fractional brownian
motions.
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1 Introduction

Let T = [0, 1] the unit interval and (W), afractional Brownian motion of
Hurst parameter o € (0, 1) on some probability space (2, F, P). That is, W¢
is acentered Gaussian process, starting from zero and its covarianceis given by

% (t2a +S2a _ |l _S|2a) )

Recadll that the fractional Brownian motion of Hurst parameter o € (0, 1)
admits aWiener integral representation with respect to W of the form

R(t,s) = E (B!BY) =

t
we = f K, (t,s)dW, (1)
0
where K, isthe kernel defined onthe set {0 < s < ¢} and it isgiven by

Wl 1 ! o3 N %70[
K9 ==t G- [y 2<1_ () )d"’
@
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with d,, the following normalizing constant
1
g 20T (2 — @) ?
T \Me+dhre-2o ) -

Let now (W, ) .v)erz @ Brownian sheet. The fractional Brownian sheet can be
also defined by aWiener integral with respect to the Brownian sheet (see [4])

Sl‘ _/ / K,(s, M)K/S(t U)quv (3)

where «, 8 € (0, 1) and the kernels K, Kz are defined above. Note that this
process is atwo-parameters centered Gaussian process, starting from (0, 0), and
its covariance is given by

1 1
E (Woz ,BW;I ;3,) - ( 720 + g2 g s|2a) - (t/2/3 + 126 _ | |2/3) ’
2 2
(4)

and it coincides in law with the process introduced in [10] or [1].

The aim of this work is to study the weak convergence of some continuous
processes in the anisotropic Besov spaces to the fractional Brownian sheet. We
will consider two types of approximations. First, we let

t N 1 Yy
ye(s,t)=/ / —2«/_xy(—1)N(?’%)dxdy, e >0,
o Jo €

where{N(x, y), (x,y) € ]Rii} isastandard Poisson processin the plane. It was
proved in [3] (using theresult of Stroock [11] for the one-dimensional case) that
this process converges in law in the space of continuous functions on [0, 1]2,
denoted by C([0, 1]?), as ¢ tends to 0, to the ordinary Brownian sheet. Using
thisresult and the representation (3) anatural way to obtain an approximation in
law of the fractional Brownian sheet isto put

! § 1 u v
X.(s,1) = / f Ko(s, u)Kgl(t, v);«/uv(—l)N(E’E)dudv.
0 Jo

The weak convergence of the family of processes X, to the fractional Brownian
sheet W*# in the space of continuous functions has been showed in [4]. In our
first result we prove that the sequence X, converges also to W*# in the stronger
topology of the anisotropic Besov space lip), ((«, B), b)). Seethe next Section
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WEAK CONVERGENCE TO THE FRACTIONAL BROWNIAN 391

for the definition of Besov spaces. To simplify the notation, we put n = 6% and
we will consider the family of processes

X"(s,t) =n / S / Ko(s, X)Kg(t, y)/xy (=DM dxdy. (5)
0 0

Inthe last expression N, (x, y) := N (x+/n, y/n). Observethat N, isaPoisson
process with intensity n.

Ontheother hand, it hasbeenprovedin[5] thatif (B™),, (C"), aretwofamilies
of independent one dimensional Brownian motions then the process

13
WG = == > Blc/
j=1

converges weakly to the Brownian sheet in the two dimensional Besov space
lip%((3. 3). b) forany p > 2. Our second approximation result is an extension
of theresult of [5]. That is, if we put

1 &g
Z's.0) = 2= 3 Blect? (6)

j=1

where (B™%),, (C™P), are two families of independent one dimensional frac-
tional Brownian motions, then the process Z" convergesin law, asn — oo, to
the fractional Brownian sheet W*# in the space lip% ((«, B), b).

For the weak convergence in Besov spaces to the one dimensional fractional
Brownian motion we refer to [9].

2 Anisotropic Besov spaces

We recall in this section some basic elements on the two-dimensional Besov
spaces. We refer to [10] for a complete presentation on this subject.

Let 72 = [0,1)? and D = {1, 2}. For afunction f : 7> - R,i e D,h € R
and e¢; = (8;1, 8;2) unit vectors, let

A, — f(z+he) — f(2), if 2,24+ he; € T?
i =1 0, otherwise

denote the progressive difference of f inthedirectione;. Let

Aty f = Dpp10 Appaf, for (hy, hy) € R2
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If A = {i} isasubset of D with one element, thenwe put A, j,).af = A f
and A(hl,hz),Af = f if A= .

Now, for f € LP(T?)if 1 < p < oo or f € C(T?) (the space of continuous
functions on 72) if p = oo, we defineits L? -modulus of continuity by

wp A(f, (11, 12)) = sup IA G n,af Nl fOr (11, 12) € R2.
0<h1<t1,0<h2<t2

For b real and a = (as, a2) , a1, a2 > 0 consider the real valued application on
T2 given by

b
9 1
wa p((11,12), A) = Htll (l + Z log t_>
i€A i€A !
forany A C D with wgz (1, t2), P) = 1.

Definition 2.1. Leta = (a1, a2) , a1,a2 > 0,b € Rand1l < p < oo. The
anisotropic Besov space Lip,(a, b) is defined by

Lipy@, b) = {f eLr(r?;, Y ap LeAll(nr) oo}

A=h >0 Wap((t1, 12), A)
and this space is endowed with the norm

”f”f,‘b — Z su wP,A(fv ([lv t2))

ACD t1,12>0 wﬁ,b((tla t2)9 A) '

In this way Lip,(a, b) becomes a non-separable Banach space.
We also introduce the subspace lip;,(a, b) of Lip,(a, b) by

e : wp a(f, (t1, 12))
lip* @.b) = LP(T?):V® £ A c D, lim “eAll U2,
ipp(a. b) {f CLTNe EACD, w11 12), A) }

where 54 (11, 1) = min{;, i € A}.
The following result on Besov spaces and fractional Brownian motion has
been proved in [10].

Theorem 2.1. Forany 2 < p < oo, it holds
P (W*f € Lip, (@, ).0)) = 1and P (W** € lip} (. B). 0)) = 0.

For similar results in the one parameter case we refer to [7].
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3 Weak convergencetothefractional Brownian sheet in Besov spaces

We will need the following tightness criterion in Besov spaces given by [5].

Lemma3.1. Let (U"(s, t)).nef0.12 b€ a sequence of continuous adapted pro-
cesses such that there exists a = (as, a2), a1, a2 > 0 and for every p > 1t
exists a constant C,, > Osuch that, for s, s’,¢,¢" € [0,1],,s <s',t < t"itholds
E|Ay i U"(s,0)|" < Cpls' — s|P|t' — 1|*2P (7)
and
E|Ay_aU"(s,0)|" < Cpls’ — 5|7, ®
E|Ap_2U"(s,0)|" < Cplt’ — 117

Then U™ is tight in the space lip? (a, b) for any p > max; = v 2.

We prove now the tightness of the approximating families X" and Z" given
by (5) and (6).
Lemma 3.2.

1) Let (X" (s,1)).ef0.152 be the family of processes given by (5). Then X" is
tight in the space lip* (. B). b)) forany p > 2v 2 v %.

2) Let (Z"(s, 1)) 10,152 be the family of processes given by (6). Then Z" is
tight in the space /ip% ((«, B), b)) for any p > 2yviy %.

Proof. Tightnessof X": Notefirst that, sincethe Besov normsareincreasing
in p it sufficesto prove the result for p even. We will show that

P
SupE[AMX”(s’, z/)] < Cy(s' — )P (¢ — )"

for any p even. By Lemma 4.1 of [4], it suffices to check this inequality for
s >5>0t>t>0,5 —s<sandt —t < t.
We will extend the kernels K, and K4 over al (0, 1] by putting

~ ) Ka(s,x) ifs>x
K“(s”‘)‘!o if s <x

and for the sake of simplicity we will denote also by K, this extension. We
introduce also the following notations

Kop(s,t,x,y) = Ku(s,x)Kg(t, y),
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and

As,tKot,ﬂ(s/’ t/’x’ )’) = (KQ(S/,]C) - Ka(S,X))(Kﬁ(lJ, Y) - Kﬁ(tv y))

We have that, with the notations introduced above,

P
E[As X, (s, t/)]p =n"E |:/ ZA‘”K“*ﬂ(S/’ t',x, y)«/xy(—l)N”(x’y)dxdy}
[0,1]

P
=n’E [ / [T (AsiKap (st i, y0) /Xiye (=DM C0) digy - -dyp} -
[0,1]2»

i=1

We obtain now a bound for the expectation of the random part of the last
expression. First of all, we have that

(_1)211’:1 N (xi,yi) — (_1)2{’:1 Ao.oNn(xi,yi)’

and that

P P P
D AooNa(xi, yi) = AcyNa(xiy 3i) + Y Ay oNa(xi, 1)

i=1 i=1 i=1

14
+ D AaiNu(s, yi) + p Nals, ),
i=1

and hence
(—1)Xim1 BooNa(ini) —
(— 1) 21 BN i) (1) 2ig De 0N (iint) (1) 2573 Do Nals.i)
Since for al x;, yi, x;, yx the three intervals ((s, 1), (x;, yi)1, ((s, 0), (x;, 1)]
and ((0, 1), (s, yx)] are digoint sets, the three factors of the last product are

independent random variables. Moreover, if we majorize the expectation of the
first factor by 1 we will obtain

E ((_1)Z,leAO.ONn(XiaY[)> < exp{_znt[(x(p) _ x(p—l)) + ...+ (x(z) — x(l))]}
x exp{—2ns[(Y(p) — Yp-1) + -+ e — ya)l}

where x(y, ..., x(p arethevariablesx; ... , x, ordered in increasing order.
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Using now thefact that 2 > " and 2s > s, thelast expression can be bounded
by
exp{—nt'[(xp) — X(p-1) + - + (x@) — x@)]}
x &xp{—ns'[(Vp) — Yp-1) + -+ o — ya)l}
< exp{—nl(xp) = X(p-0)Yp-» + - + (X2 —x@)ywl}
x exp{—nl[(yp — yp-1)Xp-n + -+ o — ya)xwlh
Therefore,

E[As:Xn(s', )]
p
S(p!)znp/ , (1_[(As,tKa,ﬁ(S/st/vxi,Yi)«/xiyi)
0,112

i=1
x exp{—n[(xp —xp-1)yp-1+ -+ (x2 — x1) y1l}
X eXp{—n[(yp — Yp—DXp-1+ -+ (2 — yo)x1l} 9)

X 1{X1§<--§xp}1{}:15.4.Syp}>d_xl e dyp

<C, (HZ/ , (As,tKot,f}(S/a ', x1, YD A Ko p(s', 1, x2, y2)/X1X2Y172
[0,1]

)4

X exp[—n(x2 — x1)y1 — n(y2 — yl)xl])1{x1§x2}1{y1§y2}dx1 o dyz) .
We now divide the region of integration in two parts;. A = {x; < x; <
2x1, y1 < y2 < 2y1} and A°.
Theintegral of expression (9) over the region A can be majorized by
Can/ . <As,t lx,ﬁ(s/7 t/s X1, yl)AS,tKa,ﬁ(s/’ t/a X2, y2)x1y1
[0,1]
x eXp{—2n[(x2 — x1)y1 + (y2 — yDx11} 1 <xo ylgyz})dxl oodyz
2 2
< Cpn? / (Kol x0) = Kuls,x) (Kot y2) = Kp(t, 3)) xann
[0,1]
x exp{—2n[(x2 — x1)y1 + (y2 — yO)x11} 1xy <o, ylgyz})dxl -dyz

2 2
boent [ (Kalsor) = Kaloo) (Kn(t 3 = Kot 30) xan
(0.1]

x eXp{—2n[(x2 — x)y1 + (y2 — yOx11} i <xp, ylgyz}) dxy---dys.

These last two summands can be treated in a similar way. In the first one we
first integrate with respect to x, and then with respect to y;, and in the second
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we integrate with respect x; and y». In both cases we obtain the bound

Col [ Kuls'o3) = Kulss xR0 3) = Kyto, p)Pdxdy)’
[0,1)2

P
2
= C, (E (acwed) ) = C)(s' — ) (1’ — )PP

We consider now the integral given in (9) over the region A¢. Thisregion is
theunion of By = {x; < x2, y1 < yo, x2 > 2x1} and B, = {x1 < x2, y1 <
v2, y2 > 2y1}. Wewill deal withtheintegral over B,, the other oneisanalogous.
In this case we obtain the following inequalities:

2(y2 — y)x1 + 2(x2 — x1)y1 > (y2 — yo)x1 + x1y1 + 2(x2 — x1)»

=

> (Y2 — yo)x1+x1y1 + = (xz —X1)y1 = —(yle + y1x2).

N

Thus, the integral given in expression (9) over the region B, can be bounded
by

fo 1]41_[ A Ko p(s', 1, x;, y,)\/)Tyl)
X eXp[—E(yle + %2911 Lxy<xo, yi<ya}dx1- - dy2
= C”nz[/[o 1 (K“(s/’ x1) = Kals, xl))z(Kﬂ(Z/’ y1) — Kgl(t, y1)>2x1y1
x Pl (7221 + 2120 Ly, svapds vz
+ /[o " <Ka(s’, x2) — Ky (s, xz))z(K,g(t’, y2) — Kp(t, yz))zxzyz

n
X eXp[—E(yle + 2V ] Ly <xp, yr<yp}dxs - - 'dyz]-

By integrating in the first summand of the last expression with respect to x;
and y, and in the second summand with respect to x; and y;, we obtain that the
last expression is bounded by

oA / (Ka(s', %) = Kols, )2(Kp(t', y) = Kp(t, y)?dxdy)
[0.1]2

p
=C, (E <AS W f,) ) =Co(s' —5)P(t' —1)P".

Bull Braz Math Soc, Vol. 34, N. 3, 2003
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Using the same cal culus we can prove that conditions (8) of Lemmal areaso
verified. Thisfinishes the proof of tightness of X”.

Tightnessof Z":  Concerning 2), observe that the rectangular increments of
the process Z" can be written as

1 n . . . .
AVANES 7 > (ijf - B!’“) (Ctjf’ﬁ - Ctj’ﬁ>
=1

BB}
E(Bxf;”fgj'“)z
cP — ¢}, weget, with (¢, n;); adouble sequence of i.i.d. random variables
with standard normal distribution,

and by decomposing B/* — B/ = |s" — 5| and similarly for

n |P
E | As’—s,t’—t ZS’; |
14

IA

l n
(s =)' = )"PE | —= ini
ﬁgin

A
2

IA

!/ o / 1 “
Cp(s' —5)P*(t' = HPPE [;;gf}

l n
Cp(s' =) (W = )P =N ENGI < Cpls' — )P (1 — )PP
n i=1

IA

and similarly (8) can be checked. d
We can state now our main result.

Theorem 3.3. Let X" and Z" be the families definied by (5) and(6). Then the
following weak convergences hold

X" — WP inlip* (. B). b) asn — oo

and

z" — w*inlip% (@, B). b) asn — o0 .
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Proof. Wereferto[4] for the proof of the convergence of thefinite dimensional
distributions of X" to those of W*#. Concerning the family Z”", let N integer,
ai,...,ay € R and (s1,11), ..., (sy,ty) € [0,1]2. We must see that the
random variables

N

1 N
Zakzn(sk» ) = —= Zak
k=1 ﬁ k=1
n Sk ) 1 .
x> ( / Ko (st uk>dwufk> ( f Kg (1, vk>dwgk>
‘o1 \Jo 0

convergein law, asn tendsto infinity to

N , N s pi
o,

E arWsy = E / / Ko (sie, ui) Kg(t, vi)dWy -

k=1 k=170 JO

To prove this convergence, we will prove the convergence of the associated
characteristic functions. In the sequel we will consider the extension of the
kernel K, (z, s) on [0, 1] by putting zero if s > ¢. For the sake of simplicity we
will denoted this extension also by K, (z, s).

Let (y*!), be a sequence of elementary functions converging, for every s,
to K, (sx, -) in L?(T) as goesto oo and for every #, let (p*!), a sequence of
elementary functions converging in L?(T), asl — oo, to Kg(te, -).

Let us denote by

1 ¢ /Xk k.l i tk k.l i
Zl, = — “ (uk)quf) ( / P (w)d W
o ﬁ;( 0 ) \Jo *

Zig = /OSk /O[k Ko (s, u) Kg(ti, v)dW, .
For every A real, we have the following bound
‘ E <eix Zk”=1akz"(sk,tk>) _E (eix Z&lakwé“k‘,‘?k)‘
< ‘E (eixz,ivzlakz"(sk,zk)> _E (ei)\Zi,VzlakZ,’(’.,)‘
+ ‘E (e“zg:l“kz"") —E (eikzﬁ=1akw§’5k)‘ =h+L+1;3
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By the mean value theorem we can bound the term I; by
max E|Z"(se. 10) — Z},|
and moreover

E|Z"(sc. 10) — Z}|

n

1 1
< %E > (/0 Ka(sk,uk)dwjk) (/0 Ks(ty, vk)dwgk)

j=1

1 1
- ( f y"J(uk)dWJk) ( / pk~’<vk>dwgk>
0 0

1 . ! ;
=< EE; fo (Ko (s, u) =y ) dW/ ()

1
/ Kg(ty, v)dW/
0

j=1

1 1
/ yk’[(u)dWL{ / (Kﬂ (tka U) — ,Ok’l(u)) dW] (U)
0 0

Nl

n 1
E( S]] (Kt =) awc
\j=1 0

n

1 ! k.l j
+% E Z/Oy w)dW (u)

Using the independence of increments, we can majorize the last expression by

1 1
(/ (Ko (se,u) — )/k’l(u))zdu> (f K;(fk, v)dv)
0 0
1 1
+ (/ (Vk’l(u))zdu) (/ (Kp(tr, v) — pk’l(v))zdv) _
0 0

Now, since y*! and p*! are elementary functions, the convergence of 7, to 0 as
n — oo follows from the convergence of W” to W*#. Finally, concerning the
last term I3, we have

. . N s
|E (elk Zf:lakzk,z) _E (elk Zk:lakwgkﬁk)

A

Sl

1
/ Kg(ty, v)dW/
0

NI

1
/ (Kg(te, v) — p*' (v)) dW]
0

j=1

<C mI:’:le | Zis — WP (i, 1) |

=C m]ax{E| Z[y"%x)p"’(y) — Ko (51, X)Kp(ti, 1AW,y 1}
[0,1]

< € max Iy* @ p*' — Ko (s, ) ® Kt Il r2q0.1p2)-

Bull Braz Math Soc, Vol. 34, N. 3, 2003



400

CIPRIAN A. TUDOR

Thislast normin L?([0, 1]?) tendsto zero, as! — oo, independently of n. This
fact concludes the proof. O
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